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1. Introduction
The classical Favard–Szàsz operators are given as follows
Sn(f ; x) = e−nx
∞∑
k=0
(nx)k
k! f
(
k
n
)
.
These operators and the generalizations have been studied in [1–8].
Jakimovski and Leviatan [9] introduced a Favard–Szàsz type operator, by means of Appell polynomials pk(x), (k ≥ 0)
defined by
g(u)eux ≡
∞∑
k=0
pk(x)uk (1)
where g(z) = ∑∞n=0 anzn is an analytic function in the disc |z| < R, (R > 1) and g(1) 6= 0. In [9], the authors obtained
several approximation properties of these operators.
Later, Ciupa [10] defined a sequence of linear operators Pn,t(f ; x) by
Pn,t(f ; x) = e
−nt
g(1)
∞∑
k=0
pk(nt)f
(
x+ k
n
)
. (2)
She studied the approximation properties and the rate of convergence of these operators by using themodulus of continuity.
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In this paper, inspired by the operators (2), we define a Stancu type generalization of (2) as follows:
Pα,βn,t (f ; x) = e
−nt
g(1)
∞∑
k=0
pk(nt)f
(
x+ k+ α
n+ β
)
(3)
where α, β ≥ 0. The operators defined by (3) are positive in [0,∞) if and only if ang(1) ≥ 0, (n = 0, 1, 2, . . .). We investigate
approximation properties of (3).
Note that in the case when α = β = 0 and g(1) = 1, then the operators Pα,βn,t become the well-known Favard–Szàsz type
operators and α = β = 0, we recover the operators (2).
2. Main results
We denote by E the class of the function f with the property that |f (x)| ≤ eAx, for all x ≥ 0 and some finite A.
Lemma 1. For all x ∈ [0,∞) and t ≥ 0, we have
Pα,βn,t (e0; x) = 1 (4)
Pα,βn,t (e1; x) = x+ ntn+ β +
(
α + g
′(1)
g(1)
)
1
n+ β (5)
Pα,βn,t (e2; x) =
(
x+ nt
n+ β
)2
+ nt
(n+ β)2 +
2
(n+ β)2
(
g ′(1)+ αg(1)
g(1)
)
(n(x+ t)+ xβ)
+g
′′(1)+ (1+ 2α)g ′(1)+ α2g(1)
(n+ β)2 g(1) (6)
where ei(x) = xi, i ∈ {0, 1, 2}.
Proof. If we consider (1), we can easily prove that
∞∑
k=0
pk(nt) = g(1)ent
∞∑
k=0
kpk(nt) =
(
g ′(1)+ ntg(1)) ent
∞∑
k=0
k2pk(nt) = ent
(
g ′′(1)+ 2ntg ′(1)+ n2t2g(1)+ g ′(1)+ ntg(1)) .
Using these relations we obtain the desired results. 
Theorem 2. If f ∈ C [0,∞) ∩ E and x ∈ [0,∞) is fixed, then
lim
n→∞ P
α,β
n,t (f ; x) = f (x+ t) , for all t ≥ 0,
the convergence being uniform relatively to t in each compact [0, a].
Proof. From (4)–(6), we have
lim
n→∞ P
α,β
n,t (ei; x) = ei (x+ t) , i ∈ {0, 1, 2} ,
for each fixed t ≥ 0, if we apply the Korovkin theorem, we obtain the desired result. 
Now, we are concerned with the estimate of the order of approximation of a function f ∈ C [0,∞) ∩ E by means of the
positive operator Pα,βn,t , using the first order modulus of continuity.
Theorem 3. If f ∈ C [0,∞) ∩ E, then for any x ∈ [0,∞) and t ≥ 0 we have∣∣∣Pα,βn,t (f ; x)− f (x+ t)∣∣∣
≤
1+
√
t + 1
n+ β
g ′′(1)+ (1+ 2α − 2βt) g ′(1)+ (α2 + β2t2 − 2αβt − βt) g(1)
g(1)

×ω
(
f ,
1√
n+ β
)
. (7)
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Proof. To prove, we will use the relations (4)–(6) and the well-known properties of the modulus of continuity. We have∣∣∣Pα,βn,t (f ; x)− f (x+ t)∣∣∣ ≤ e−ntg(1)
∞∑
k=0
pk(nt)
∣∣∣∣f (x+ k+ αn+ β
)
− f (x+ t)
∣∣∣∣
≤
{
1+ 1
δ
e−nt
g(1)
∞∑
k=0
pk(nt)
∣∣∣∣ k+ αn+ β − t
∣∣∣∣
}
ω (f , δ) . (8)
Recalling the Cauchy–Schwarz inequality we obtain
∞∑
k=0
pk(nt)
∣∣∣∣ k+ αn+ β − t
∣∣∣∣ ≤
√√√√ ∞∑
k=0
pk(nt)
√√√√ ∞∑
k=0
pk(nt)
(
k+ α
n+ β − t
)2
= g(1)ent
√
t
n+ β +
g ′′(1)+ (1+ 2α − 2βt) g ′(1)+ (α2 + β2t2 − 2αβt − βt) g(1)
g(1) (n+ β)2 .
Using this relation inserting δ = 1√n+β in (8), we obtain the desired inequality (7). 
Now, we will consider the simultaneous approximation of Pα,βn,t .
Theorem 4. For f ∈ C r [0,∞) ∩ E, we have∣∣∣∣ drdt r Pα,βn,t (f ; x)− drdt r f (x+ t)
∣∣∣∣ ≤ ( nn+ β
)r
ω
(
dr
dt r
f ; 1√
n+ β +
r
n+ β
)
×
1+
√
t + 1
n+ β
g ′′(1)+ (1+ 2α − 2βt) g ′(1)+ (α2 + β2t2 − 2αβt − βt) g(1)
g(1)

+
(
n
n+ β
)r
ω
(
dr
dt r
f ; r
n+ β
)
.
Proof. By simple calculations, the following expression is obtained
dr
dt r
Pα,βn,t (f ; x) = e
−nt
g(1)
(
n
n+ β
)r
r!
∞∑
i=0
pi(nt)
∆r 1
n+β
f
(
x+ i+αn+β
)
r!
(
1
n+β
)r
where∆r 1
n+β
f
(
x+ i+αn+β
)
is the difference of order r of f with the step 1n+β . Appealing to the relation between finite difference
and divided difference, the derivative of order r of the operator Pα,βn,t can be written as follows:
dr
dt r
Pα,βn,t (f ; x) = e
−nt
g(1)
(
n
n+ β
)r
r!
∞∑
i=0
pi(nt)
∆r 1
n+β
f
(
x+ i+αn+β
)
r!
(
1
n+β
)r
= e
−nt
g(1)
(
n
n+ β
)r
r!
∞∑
i=0
pi(nt)
[
x+ i+ α
n+ β , x+
i+ α + 1
n+ β , . . . , x+
i+ α + r
n+ β ; f
]
= e
−nt
g(1)
(
n
n+ β
)r
r!
∞∑
i=0
pi(nt)h
(
x+ i+ α
n+ β
)
=
(
n
n+ β
)r
r!Pα,βn,t (h; x)
where h(t) =
[
t, t + 1n+β , . . . , t + rn+β ; f
]
. Then, by (7), we obtain∣∣∣∣ drdt r Pα,βn,t (f ; x)− drdt r f (x+ t)
∣∣∣∣
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≤
(
n
n+ β
)r ∣∣∣∣r!Pα,βn,t (h; x)− r!h(x+ t)+ r!h(x+ t)− drdt r f (x+ t)
∣∣∣∣
≤
(
n
n+ β
)r {
r!
∣∣∣Pα,βn,t (h; x)− h(x+ t)∣∣∣+ ∣∣∣∣r!h(x+ t)− drdt r f (x+ t)
∣∣∣∣}
≤
(
n
n+ β
)r r!
1+
√
t + 1
n+ β
g ′′(1)+ (1+ 2α − 2βt) g ′(1)+ (α2 + β2t2 − 2αβt − βt) g(1)
g(1)

×ω
(
h,
1√
n+ β
)
+
∣∣∣∣r!h(x+ t)− drdt r f (x+ t)
∣∣∣∣} . (9)
To get to the modulus of continuity of the function d
r
dtr f , we will use the mean value theorem and some known properties
of the modulus of continuity. We have
|h(t + δ)− h(t)| =
∣∣∣∣[t + δ, t + δ + 1n+ β , . . . , t + δ + rn+ β ; f
]
−
[
t, t + 1
n+ β , . . . , t +
r
n+ β ; f
]∣∣∣∣
= 1
r!
∣∣∣∣ drdt r f
(
t + δ + θ1 rn+ β
)
− d
r
dt r
f
(
t + δ + θ2 rn+ β
)∣∣∣∣
≤ 1
r!ω
(
dr
dt r
f ; δ + r
n+ β |θ1 − θ2|
)
≤ 1
r!ω
(
dr
dt r
f ; δ + r
n+ β
)
where θ1, θ2 ∈ (0, 1). Hence, for δ = 1√n+β we obtain
ω
(
h,
1√
n+ β
)
≤ 1
r!ω
(
dr
dt r
f ; 1√
n+ β +
r
n+ β
)
.
On the other hand,∣∣∣∣r!h(x+ t)− drdt r f (x+ t)
∣∣∣∣ = ∣∣∣∣r! [x+ t, x+ t + 1n+ β , . . . , x+ t + rn+ β ; f
]
− d
r
dt r
f (x+ t)
∣∣∣∣
≤
∣∣∣∣ drdt r f
(
x+ t + θ3 rn+ β
)
− d
r
dt r
f (x+ t)
∣∣∣∣
≤ ω
(
dr
dt r
f ; θ3 rn+ β
)
≤ ω
(
dr
dt r
f ; r
n+ β
)
where θ3 ∈ (0, 1). Using the estimates in (9), we have the desired result. 
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